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^— ^ ■ Abstract 

We consider a Markov chain {X n }^ =1 on R d denned by the stochastic recursion X n = 
(3J[), M n X n -i + Q n where (Q„,M n ) are i.i.d. random variables which take values in the affine 

group of the vector space R d . Under natural hypothesis on (Q n ,M n ), including negativity of 

■ the dominant Lyapunov exponent of the product of the matrices M n , the transition operator 
£f~) , P of the chain has a unique stationary measure rj and it is known that rj is a-homogeneous 

at infinity for some a > depending on the law of M n . We show spectral gap properties for 
i | P and for a class of Fourier operators P v (v £ R d ), on function spaces on R d of Holder type. 

| If d > 1, we consider the Birkhoff sums S n = Ylk=o ^ k ant ^ we snow that the normalized 

Qh ' sums converge to a normal law (a > 2) or to an a-stable law (a < 2) on R d , and these laws 

are fully non-degenerate. For d = 1 such results were first obtained in [21]. Here we describe 
their natural extension to the general multidimensional setting. The corresponding analysis 
of the characteristic function of S n is based on the spectral gap properties of P v and on the 
i i , homogeneity at infinity of r\ and of a family of companion measures rj v . 

<N ■ 

■ 1 Introduction and main results 

We consider the vector space V = M. d endowed with the scalar product (x, y) — Y2i=i x iVi an< ^ ^ nc 
CO ; , si/2 

norm |x| = ( J2%=i \ x i\ ) ■ We denote by H — V x G the affine group of V, with G = GL(d, K), 

i.e. the set of maps h of the form hx — gx + b(b € V, g G G). Let fibe & probability measure on H 

and x £ V. We denote by P the product measure /i® N on £1 = i/ N and we consider the recurrence 

• • ■ relation with random coefficients: 

> ■ 

X$=x, X-=M n X^_ 1 + Q n (n>l), (1.1) 

h ; 

where (Q n ,M n ) £ H are i.i.d. random variables with generic copy (Q,M) and with law \i. Let 
fi be the projection of /i on G, i.e. the law of M n , and let [supp/i] be the closed sub-semigroup 
generated by the support of p,. We will denote by P the corresponding Markov operator on Cb(V), 
the space of continuous bounded functions on V: 

P<p(x) = / <p(gx + b)dfj,(h), ip £ C b (V). 
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Our hypothesis will imply that the above recursion (jl.ip has a unique stationary measure 77 
which satisfies Prj — r\ and has an unbounded support. The probability measure 77 is the limit 
distribution of X%. A remarkable property of 77 is its "homogeneity at infinity", a property which 
was first observed in [31] for the tails of 77, extended to the general case in [34] and further developed 
in [UiniEI], under special conditions. See [T7] for a survey of [31] as well for a precise description 
of the homogeneity property of 77, proved in [22] , 

In this paper we are interested in the limit behavior of the sum S% = X)fe=o -^k' conveniently 
normalized. For d — 1 this question is closely related to the slow diffusion behavior of a simple 
random walk on Z in a random medium (See |331l39] b The similar problem for a finitely supported 
random walk on Z in a random medium is connected to the study of a recurrence relation of the 
form (TET]) (See QUO!]). 

For d = 1, and under aperiodicity conditions, the limit behavior of S% is described in [2"T1 . For 
d > 1, in the case where M n takes values in the similarity group of V, the limit behavior of S% is 
described in [5]; the homogeneity at infinity result of plays an essential role in the proof. Here 
we consider the case where [supp/i] is " large" , a case which is opposite to the case of [3] , and we 
will need detailed information on the stationary law 7/ of P. Also as in [31] [5], a basic role will 
be played by the spectral properties of the operators P v (v £ R) defined by P v <p = P(X v ip), where 
X v (x) — e i ( v ' x ' . Furthermore, the homogeneity at infinity of 77 implies that the dominant eigenvalue 
of P v has an asymptotic expansion at in term of fractional powers of \v\. These properties allow 
us to develop a detailed analysis and to prove limit theorems. More generally, it turns out that, in 
the context of random walks associated with proximal semigroup actions, spectral gap properties 
are valid in certain functional spaces for large classes of random walks. These properties are valid 
without density hypothesis on /_t or ~p. See [7] [5] EH H51 HI] US] H] for different classes of situations 
where analogous ideas are used. Here V can be considered as a boundary (see [TJ]) for the random 
walk defined by /x, and we will use spectral gap properties for P v (v € V) in functional spaces of 
Holder type. In [8] and [11] the relevant spaces are L 2 -spaces, while in [Jj [10] HE], they are of 
mixed type. This type of analysis is not restricted to homogeneous spaces of Lie groups as shown 
in [37] for certain classes of Lipschitz maps instead of affine maps. We will follow as closely as 
possible the notations in [5], but the geometrical situation brings out important new aspects with 
respect to [5] and [B] . When convenient we will take advantage of the detailed calculations already 
developed in [5] . The arguments of the proofs will be closely related to those in [21] [5] ; but we will 
develop them from scratch in the more general framework of our paper, since the results of [201 122] 
play an essential role. 

The asymptotics of products of random matrices (See [15] El H3]) will play an important role 
here, and we need to give corresponding notations. We say that a semigroup r C G is strongly 
irreducible if no finite union of proper subspaces of V is T-invariant. Also we say that g E G is 
proximal if g has a dominant eigenvalue A(<?) G K which is the unique eigenvalue of g such that 
\\{g)\ = limn-j.oolg"! 1 /™ where \g\ — swp{\gx\ : \x\ = 1}. We say that T satisfies condition i-p if T 
is strongly irreducible and contains a proximal element 7. It is proved in [15, 20 that condition i-p 
for r and its Zariski closure Zc(T) are equivalent. Since -Zc(r) is a closed Lie subgroup of G with 
a finite number of connected components, condition i-p can be checked in examples (see Section 
5 for some examples). Under this condition, the limit set L(T) C P d_1 is the unique r-minimal 
subset of the projective space P d_1 and L(T) is the closure of the set of attracting fixed points of 
the proximal elements in F. 

For s > 0, we denote 

k(s) = lim {E\M n ---M 1 \ s ) 1 / n , 

n— >oo 

Sao = sup{s > 0; re(s) < 00}. 
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If E(log + |M|) < +00, we know that the Lyapunov exponent 

L(fi) = lim iE(log|Af„---Afi|) 

n— ^00 77 

is well defined, L(£L) = k/(0+) if Soo > 0. If condition i-p is satisfied and Sqo > 0, then logK(s) is 
strictly convex on [0, 00), hence if lim s ^ Soo k(s) > 1, there exists a unique a G]0, oo[ with n(a) = 1. 

Our hypothesis here is the following condition C (See [IT]): 
Co [supp/2] satisfies condition i-p, 
d E(log+|A/|+log + |Q|) <oc, 
C 2 < 0, Soo > 0, lim s _>. Soo k(s) > 1, 

C 3 E(|Af| Q log+|M| + |Q| Q ) <oo, 
C4 supp/i has no fixed point in V. 

A real number t £ R defines a dilation on V which is denoted by v — > t.v, and we extend this 
notation to the action of K on measures. 

Let P be the Markov operator on V defined by 

T<p(v) = J ^(gv)djl(g), if <p £ C b (V). 

We observe that P can be interpreted as the linearisation of P at infinity. We denote by I s the 
homogeneous measure on R+ defined by £ s (di) = -jSfr- It is proved in [35] that if d > 1 and 
condition C is valid, there exists c > and a probability measure a a on the unit sphere S^ 1 such 
that the following weak convergence is valid on V^\{0}: 

lim t- a (t.ri) = ca a ® i a = A. (1.2) 

Here A is defined by the above convergence and satisfies t.A = t a A for t > 0, and we have PA = A. 
We observe that the equation PA = A is a limiting form of the stationarity equation Prj = r\. 
The proof is based on the general renewal theorem of [32 and on the spectral gap property of the 
operator on the projective space defined by twisted convolution with p, (See [2D] ) . 

More generally, if 77 is a probability measure such that the above convergence (|1.2j) is valid, we 
will say that 77 is a-homogeneous at infinity. If a Radon measure A satisfies t.A — t a A for t > 0, 
we will say that A is a-homogeneous. A probability rj on V is said to be stable if for every integer 
n there exists a similarity h n of the form h n (x) — a n x + b n (a n > 0,b n 6 V) such that the n th 
convolution power of rj is the push forward of 77 by h n . If a n — n 1 /", we say that 77 is a-stable. 

If supp/l has no invariant convex cone in V, then A is symmetric and a a <S> £ a is the unique 
Radon measure defined by the following conditions: 

a a is a probability on S^ 1 , P(a a ® l a ) = a a ® l a , t.(a a <g> l a ) = t a {cr a ® £ a ), for all t > 0. 

See [22] for more detail. In Section 5 below we give information on a a and examples of the typical 
situations which can occur. In any case the projection on P d_1 of supper^ is equal to the limit set 
L([supp7Z)] in P^ 1 . 

We will write g* for the transposed map of g € G, JX* for the push-forward of p, by g g* . Also 
for x € V, we write x* for the linear form x*(y) = (x,y). The exponential e 1 ^^ will be denoted 
by X x (y) and the characteristic function of a probability measure n on V will be defined by 

n(x) = / X x (y)dn(y). 
Jv 

Coming back to the affine situation, we will write 

m=/ xdr/(x) 7 m a = «/(a_). 
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The calculation of the limit law of S® will involve considering the companion recursion : 

W = 0, W n = M*(W„_i + v), (1.3) 
where v £ V is a fixed vector. We will denote by T v the corresponding transition operator, i.e. 

T v(<p)=f <p(9*(x + v))d(i(g). 
Then as above, the unique stationary measure rj v of T v satisfies the weak convergence on T^\{0}: 

lim t-*{t.rh) = A v ^ 0, (1.4) 

t->o + 

and r) v , A„ satisfy 

r)tv=t.r] v , A tv =t.A v for iel*, ~P* A v = A„, A tv = t a A v for t > 0, 

where, as above, P is associated with ~p* . 

In order to state our first main result, we need to define a kind of Fourier transform A of A. If 
a G [0, 2], we define A as follows: 



A{y) = J (X y (x) - 1) dA(x), if < a < 1, 

A(y) = J (x y (x)-l-i 1+ { ^ y) ^ dA(x), if q=1, 

A(y) = f (X y (x) - l -i(x,y))dA(x), if l < a < 2, 
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A (y) = -|/ (y,xf da 2 (x), if a = 2. 

The function A satisfies 

A(iy) = i Q A(y) for i > 0, P*A = A, and ReA(y) < for y ^ 0. 

We will use also the function A 1 defined by A 1 (y) — A(y)l[i i00 [(|y|), where y denotes the 
projection of y € V\{0} on S d_1 . 

The Fourier transform of the limit law of S® for a £ [0, 2] will be shown to be equal to 
e c Q 0) __ <j> a (i;) where the function C a (v) is defined by 

UmAfA 1 ), if ae(Q,l)U(l,2]; n 

Cq(W) -1 m 1 A w (A 1 )+ i7 ( u ), if a = l, (L5) 



with 

(y + U,a;) (u,a:) 



7(v) 



dA{x)dr) v (y). (1.6) 



l + |(y + v,x)| 2 l + |x| 2 l + 
(See the proof of Proposition 12.71 ) We have that for t > 

C a (fu) =i a C Q (u) if a 7^1, and d(tv) = fCi(v) + i (v, >9(t)> , 

where /3(t) = J ^Y+]fr|2 — l+H 2 ) ^( a; )- Hence e Ca ^- ) is the Fourier transform of an infinitely 
divisible probability measure which belongs to an a-stable convolution semigroup (see 26, 28, 38 ). 
If a > 2, the following covariance form q of r] will enter in the formulas below, 

qfa v) = J (zj £ - m ) (y, £ - m ) d viO- 

We will write z = E(Af ) for the averaged operator of M if a > 1. One sees easily that the operator 
EM exists and has spectral radius less than k(o) — 1, hence in particular / — z* is invertiblc. 
We have the following limit theorem for the partial sums S*. 
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Theorem 1.1. Assume that the probability measure \x on H = V x G satisfies condition C above. 
Then if dim V > 1, we have for any x € V, 

1) If a > 2, -j=(Sn — nm) converges in law to the normal law on V with the Fourier transform 

$ 2 +(w) = exp(-q(v,v)/2 - q(v, (I - z*y 1 z*v)). 

2) Ifa£ (0, 2), let t n = n-^ a and 

f 0, 6(0,1); 

d n = < nS(t n ), a = 1; 

[ nt n , a e (1,2), 

f tx 

with S(t) = / j — —drj(x) for t > 0. Then (t n S^ — d n ) converges in law to the a-stable law 

with the Fourier transform & a (v) = exp(C a (v)), with C a (v) given above. 
Furthermore if a — I, then for some constant > 0, 



W)\ < 



X t |t||log|t||, for |i|<i; 
K f \t\, for |t|>i. 



3) If a = 2, then - (^n ~ nm ) converges in law to the normal law with Fourier transform 

\J n log n 

$ 2 (w) = exp(C 2 (w)), where C 2 (v) = -j J {(v, w)) 2 + 2 (v, w) r] v (w*)da 2 {w). 

4 ) In all cases, the limit laws are fully non degenerate. 

The proof of Theorem 11.11 is based on the method of characteristic functions. The Fourier 
transform of S% can be expressed in terms of iterates of the Fourier operator P v defined above. 
This operator acts as a bounded operator on a certain Banach space 1>6>,e,a (defined below ) of 
unbounded functions on V and has "nice" spectral properties on Be,e,A- Moreover Pq — P and 
the spectral properties of P v allow to control the perturbation P v of P as well as its dominant 
eigenvalue k{v). Theorem 11.11 follows from the asymptotic expansion of k(y) at v = 0. The 
spectral properties of P v follow from a theorem of Ionescu-Tulcea and Marinescu based on certain 
functional inequalities proved below. 

We denote by r(U) the spectral radius of a bounded linear operator U. The spectral properties 
of P v are described by the: 

Theorem 1.2. Ifv£V, the operator P v on Me i£ ,\ defined by P v f = P(X v f) has the following 
properties: 

1) P v is a bounded operator with spectral radius at most 1, 

2) Ifv^O, r(P v ) < 1, 

3) If v = and ttq is the projection on CI defined by WQip — rj(ip)l, we have for any ip £ Be,£,A ■ 

Pq<P = TiW + Qip 

where Qttq — ttqQ — and r(Q) < 1. 

4) Ifv is small, P v has a unique eigenvalue k(v) with \k(v)\ = r(P v ). Furthermore there exists a one 
dimensional projection tt v and a bounded operator Q v such that Q v ir v = n v Q v = 0, r{Q v ) < \k(v)\ 
and 

P v tp = k(v)-n- v ip + Q v ip, for any ip € Be :£ ,A- 
Furthermore k(v),ir v ,Q v depend continuously on v. 
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These spectral properties will allow us to reduce the study of the iterated operator P™ to the 
study of its dominant eigenvalue k n (v); hence k(v) plays here the role of a characteristic function 
for the convolution operator P dchncd by fi on C&(V). 

The asymptotic behavior of k(v) at v — is given by the 

Theorem 1.3. Let v € V^\{0} and let C a (v) be given by (|1 ,5[) . 
1) 7/0 < a < 1, then 

k{tv) - 1 



2) If a = 1, then 



3)If 1 < a < 2, then 



4)Ifa = 2, then 



5) If a> 2, then 



with 



lim = C a (v). 



lim m^l^lM =Cl (v). 



k(tv) -l-i{v,tm) , . 

hm = C a (v). 

t->o+ t a 



k(tv) -l-i (v,tm) 

hm -^-j f-Tj = 2C 2 {v). 

t->-o t 2 log \t\\ 



fe(tu) - 1 -i{v,tm) 

iTo P = C2+(w) ' 

C2+(«) = -^q{v,v) - q(v, (I - z*Y 1 z*v). 



As in (21] and [5] , the proof of Theorem 11.31 is based on an intertwining relation between the 
families of operators P v and T v and on the homogeneity at infinity of rj, 7] v proved in [32]; this 
relation allows us to express k(v) in terms of the stationary measure r\ and an eigenfunctional for 
T v . 

Remark 1.4. 

a) We may observe that, if we add stronger moment conditions (of order greater than 4), part 1 of 
Theorem ll.il i.e. convergence to a normal law, follows from the main result of [25] . which is valid 
also for more general Lipschitz maps of V into itself. 

b) For a € [0, 2], the limit law of S„ is a multidimensional a-stable law (see e.g. 26, 28, 36 ) where 
a-stability holds with respect to the action of the dilation group . In particular the limit law 
is infinitely divisible and belongs to a convolution semigroup of R''. This remarkable fact follows 
of the homogeneity of A„ with respect to v, hence of the formula for C a (v). In Section 5 we will 
give more information on the function C a which satisfies in particular ReC' a (v) < for v =/= 0. 

c) The fact that the stability group here is W^, instead of a more complex one as in [5], is a 
consequence of the following property (see [23]) : the closed semigroup of M* + generated by the 
modulus of the dominant eigenvalues for the proximal elements in [supp/2] is equal to . This 
can be compared with the situation of [5] where semi-stable laws in the sense of [3^1 P-204] appear 
as limits. 

d) Since P v satisfies r(P v ) < 1 for any v ^ 0, we can prove also local limit theorems for the sums 
(see [5] for the case where [supp/l] consists of similarities). 

After writing this paper, we became aware of the reference [3] in which closely related limit the- 
orems for S% were obtained under stronger hypothesis than here; in particular a density hypothesis 
on /i is assumed in [H] and a — 1 or 2 is excluded. 
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2 Homogeneity at infinity of /i-stationary measures 



The following gives the existence and elementary properties of the stationary law of X% in our 
context. 

Proposition 2.1. Assume that fi satisfies condition C. Let 

n-i 

R n = Qi + ^2M 1 ---M k Q k+1 . 

fc=i 

Then R n converges a.e. to 

oo 

R = Qi + J2 M i • • • MkQk+i 
fc=i 

and i/ie law of converges to the law r) of R. Furthermore, r\ has no atom, gives measure zero 
to every affine subspace and E(|i?| e ) = J\x\ e dq(x) < oo if 6 < a. 

Remark 2.2. One can show that, except for the last assertion, the above statement is also valid 
under conditions Co, C\, C4 and L(p) < 0. 

Proof. The convergence proofs are based on known arguments (see [21 S]), hence we give only a 
sketch. In our setting, if s < a, we have by definitions of k(s): 

E(\M 1 ---M k \ s ) = E(\M k ---M 1 \ s ) < C(n(s) + e) k 

for some C> and < e < «(a) - k(s). Also E(|Q fe | s ) = E(|Qi| s ) < E(|Qi| Q ) s /« < 00. It follows 
if m > n, 

rn— 1 

EQRm - R n \ s ) < G(E(|Qi| a ))'/ Q ^ (k(») + e) fc < 00. 

k—n 

Hence \im nlyn ^ 00 E,(\R m — R n \ s ) — 0. The convergence a.e. of R n to R follows. The same 
calculation shows E(|i?| e ) < 00 if a < 1 and 9 < a. If a > 1 and 6 £ [l,a[, we use Minkowski 
inequality in L e (J7) and the independence of Mi ■ ■ ■ M k -i, Q k to get that : 



E(\R\ e ) < CE(\Q 1 



,fe=i 



< 00, 



if e satisfies k(6>) + e < 1. 

The fact that rj has no atom is proved as follows. 

Let A C V be the set of atoms of rj. Then A is countable and X^gA r K{ x }) — 1- ^ follows that, 
for every e > 0, the set {x £ A; rj(x) > e} is finite; in particular, sup^g^ r/({x}) — c is attained. 
Let Aq = {x £ A; r/(x) = c}. Since P77 = 77, we have hAo = Aq if h £ supp/i. Then the barycenter 
of Aq is a supp^-invariant point, which is excluded by condition C4. 

Assume now that there exists an affine subspace W of positive dimension such that T](W) > 0, 
and let W be the set of affine subspaces of minimum dimension r with r](W) > 0. If r = 0, the 
contradiction follows from above. If r > 0, we observe that for any W, W £ W with W ^ W, we 
have rj(W f] W) = since dim(W f] W) < dim W. Then as above sup^gyy n{W) — d is attained. 
If W = {W £ W : r/(W) = c'}, we have hW = Wo for any h £ supp/i. Let L be the closed 
subgroup of H generated by supp/j,, hence hWo = Wo for any h £ T. Then the subset Lo of T, 
which leaves invariant any W £ Wo, is a finite index subgroup of T. Since L(p,) < 0, [supp/i] has 
a element g with \g\ < 1. Assume h £ [supp/i] has linear part g and observe that h has a unique 
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fixed point x £ V which is attracting. Since Tq has finite index in T, we can find p £ N such that 
h p £ r . Then for any y £ W with W £ Wo, we have 



lim h pn y = x. 

n— voo 

Since h pn y £ W, we get x <E T4^, hence 

xe P| J¥^0. 

wew 

It follows that r leaves invariant the nontrivial affine subspace DvFeWo ^ ' ^ c ^ m nwevVo ^ = ^' 
we have constructed a point invariant under T, which contradicts conditions C4. If dim nv^eWo ^ ^ 
0, the direction of this affine subspace is a proper supp/2-invariant linear subspace, which contra- 
dicts condition i-p for supp/1. □ 

For k(s) we have the following (see [20 ): 

Proposition 2.3. Assume [suppp] satisfies conditions i-p. Then logft(s) is strictly convex on 
[0, Sqo[- If s oo — 00, we have: 

lim — - — — = lim — sup{log|<7| : g £ [suppp] n } 

s— >oo s n— >oo TL 

= lim — sup{log r(g) : g £ [supp/i]' 1 } 

n— >oo Jl 

In particular, the condition k(s) < 1 on ]0,oo[ is equivalent to r(g) < 1 on [suppp], and if 
lim s _j. Soo k(s) > 1 £/iere exists a unique a G]0,Soo] such that k(o) = 1. 

Remark 2.4. Regularity properties of k(s), not used here, are proved in [20] , In particular, /c(s) is 
analytic on [0,Soo[. 

It is known (see [50]) that since /2 satisfies condition i-p and k(s) < 00, there exists a unique 
probability measure v s on P d_1 such that the Radon measure v s ®l s on P d_1 xR?j_ = (V^\{0}) /{±Id} 
satisfies 

P{v s ®t) = n{s)v s ®£ s , 

where, by abuse of notation, P is the Markov operator defined by JI on (1^\{0}) / {±Id}. If x £ p d_1 

\g x \ 
R 



corresponds to x £ V, we denote \gx\ — and we consider the operator p s (p) on P d 1 defined 

by 

p s (p)(cp)(x) = / <^(.g • x)|sxfd/z(5), 



where x 1— > g ■ x is the projective map defined by g £ G. Then v s is the unique probability measure 
on P d_1 such that p s {jl)v s — n{s)v s . Furthermore, suppz^ s is equal to the limit set of [supp/i] 
and v s gives zero measure to any projective subspace(see [10]). The following consequence of the 
general renewal theorem of [35] and of the spectral gap property of the operator p s (p) plays an 
essential role here (see [22]). 

Theorem 2.5. If d > 1 and condition C holds, we have the following weak convergence: 

lim t- a (t.r)) = c{a a ®l a ) = A. 

t-vO+ 

where c > 0, o~ a is a probability measure on S^ 1 which has projection v a on P d_1 and A satisfies 
t.A = t a A ift>0, PA = A. The above convergence is valid for any function f with a A-negligible 
set of discontinuities and such that for some e > 

sup(|x|- Q |log|x|| 1+£ |/(x)|) <oo. (2.1) 



8 



In particular there exists A > such that for k large enough, 

\ 2 ~ ka < V{x € V; \x\ > 2 k } < AT ka . 

Also A(M / ) = for any proper affine subspace W C V . 

In the special case of the recurrence relation 

W n = M*(W n -i+v) (n>l), 

the corresponding measure on H is denoted by fi* . The corresponding transition operator on V is 
denoted by T v . Then we have the 

Proposition 2.6. Condition C is satisfied by the measure (J,* on H, if v =/= 0. 

The sequence 

n 

z: = y,m*---m* 

k=l 

converges P-a.e. to 

oo 

Z* = Mi ■ ■ ■ M* k 

k=l 

where Z is defined by the P-a.e convergent series Y^kLi ■ ■ 1 M\. 

The law rj v of Z*v is the unique ji* v - stationary measure and rj v satisfies 



J \x\ e dr] v (x) < oo for 9 G [0,a[, / \x\ a drj v {x) 



For any t € W, we have r/ tv — t.r\ v . If a > 1, for all x <E V the map v — > rj v (x*) is a linear 
form. 

The Radon measure 

A v = lim r a (t.-q v ) 

t-vo+ 

is a-homogeneous, satisfies A tv — t a A v for t > 0, P A v = A v , and A_„ is symmetric of A v . 
The function C a (v) satisfies for v ^ 0, ReC a {v) < and for t > 0, 

C a {tv) =t a C a {v) ifa^l, and d(tv) = tCx{v) + i (v,/3(t)) , 

where 0{t) = / (jfifep - j^p) dA(x). 

Proof. We observe that |M*| = |M|, hence 

lim (E(|M* ■ • • Mi I s )) 1 /" = lim (E(|Mi ■ ■ • M n \ s )) 1/n = k(s). 

n— >oo n— >oo 

One verifies easily that condition i-p for [supp/l], which is valid, remains valid for [supp/l]* = 
[supp/I*]. If supp/i* had a fixed point x € V, then g*{x + v) = x for any g £ supp/i. Since v 
is non zero, we have x ^ 0. Also this implies 51(52) x = x f° r an y 5i;ff2 € supp/i, hence x is 
invariant under the subgroup generated by supp/I. This contradicts irreducibility of [supp/i]. As 
in the proof of proposition 12.11 one sees that the condition 

lim (E(|A/* • • • Af;/)) 1/n = k(6) < 1 

n—too 

for 6 < a implies the convergence 

n oo 

lim V Mi* • • • Ml = Mi* • • • Ml = Z* . 

n— foo — J £• — ' 

fc=l k=l 
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Since the map g — > g* is continuous, this gives the convergence of Z n = Y^k=i Mk 1 1 1 Mi to 

^=Er=i M fe---Af 1 . 

The second assertion on i] v follows from Theorem 12.51 

The third assertion on homogeneity of rj v with respect to v follows from the relations 

Z*{tv) =tZ*{v),Z*(v + w) = Z*(v) + Z*(w). 

The last assertions follow from Theorem l2.51 the relation rj tv — t.r/ v for fgR* and the definition 
ofC a (u). □ 

We show below the the following formula for C a (v) as defined by (|1.5[) . The proof of Theorem 
11.31 will be based on the formula: 



C a (v) 



(X v (x) - l)f} v (x)dA(x), 



(X v (x) - l)if v (x) - i- 



(v,x) 



l + \x\ 2 

((X v (x) - l)fjv(x) - i (v, x))dA(x), 



-~ / ((v,w) 2 + 2 {,>. ir) ,,,.{„•' \ \i!(j 2 (ic). 



if < a < 1; 
dA(x), if a = 1; 

if 1< a < 2; 
if a = 2. 



(2.2) 



Proposition 2.7. The above formula for C a (v) is valid. 



Proof. We suppose that C a is defined by (|2.2[) and we prove that it can be transformed into (|1.5 
We start as in the proof of Proposition 5.19 in [5]. By definition of A, we have 



(A(y + v)-A(y)^dr, v (y), if a £ (0, 1) U(l, 2]; 

A{y + v) - A{y)) dr] v (y) +i-y(v), if a = 1, 



C a (v) 



where 7(f) is given by (jl.6p . We follow the argument in [5], but we use in an essential way the 
information of [501 HI] ; and in particular Theorem 12.51 
We define for s < a the Radon measure A s by 

A s = ca s <g> £ s , 

where c is given by Theorem 12.51 and o~ s is a probability measure on S d_1 such that 

PA S = k(s)A s , and lim o~ s = o~ a , 

s->a_ 

and a a given by Theorem 12.51 The existence of a s for s < a follows from [35] . Hence we have the 
weak convergence: 

lim A s = A a = A. 

We define also A s for s < a, 1, 

A 8 (y)= J (Xy(x)-l)dA s (x), if 0<s<l, 
A s (y)= I (X y (x)-l-i{x,y))dA s (x), if 1< s < 2, 



Then A s depends continuously on s and A s satisfies: 

P*A s (x) — / A s (g* x)djl(g) = k(s)A s (x), and A s (tx) — t s A s (x), for t > 0. 
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For s < a, we define 

C s (v) = J(A s (y + v) - l s {y))dr] v {y) 
and we observe that by dominated convergence theorem, 

lim C.(v) = / (A(y +v) - A(y))dr] v (y). 

Hence lim s _ > . Q _ C s (v) — C a (v) if a 7^ 1, while lim s _ > . a _ C s (v) = C a (v) — i"f(v) if a = 1. On the 
other hand, Zq« = Y^kLo ^0 ' ' ' M£v satisfies ZqV = Mq(Z*v + v), where 



Z * = M * ' ' ' M fc 



fc=i 

and Mq is a copy of M* independent of Z. It follows: 

E(A s (Z*v)) = E jA s (g*(Z*v + v))dfl(g) 
= k(s)E{A s (Z*v + v)), 

hence 

C s (v) = E(A s (Z*v + vj) - E(A s (Z*v)) = - lj E(A s (Z*v)). 

By Proposition l2.3[ the function logK(s) is convex, hence k(s) has a left derivative k! (otJ) at s = a: 

r 1 - "00 
m Q = lim . 

s— vq_ a — s 

In order to get the value of C Q (i;), we need to evaluate lim s _j. Q _ (a — s)E(A s (Z*v)). 
For this purpose we will use Theorem 12.51 we write 

F s ,v(t) = / A s (x)dr] v (x) 

J\x\>t 

and we observe that |Fg„(i)| < sup |A s (x)| is bounded by definition of A s . Also for t > 0: 

xeS 11 - 1 

t a F s . v (t)= f A s {x)drf v {x) 

J\x\>l 

with r)l = t~ a (t.i] v ). Hence, using the convergence of 77* to A„ for i — s- 0+ given by Theorem 12.51 
and the fact that A 1 is bounded with A.„-negligible discontinuities, we get 

t a F s , v (t) = A„(AJ) + o(t), 

where o(t) is uniform in s € [0, a) and A* (a;) = A a (x)l[x )OD )(|a;|). By definition of F SfV : 

E(A s (Z*v)) = f \y\ s A s (y)dVv(y) = f I [ sif^dt] A s (y)d Vv (y) 

J JV \J0<t<\y\ J 

sF s<v (t)t s - 1 dt. 

Let p be a positive increasing function on [0, a[ such that 

lim p(s) = +00, lim (a - s)p s (s) = 0, lim p s ~ a {s) = 1. 
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One can take for example p(s) = (a — s) 2° . Then to compute the required limit, we decompose 
the integral of F SiV (t) according to the function p(s) and use the asymptotic expansions of F SjV (t): 

(a - s)E(A s (Z*v)) = (a-s) / sF s ,„(t)i s_1 (ft 

Jo 

/>oo poo 

+ (a-s) / sA v (Al)r a+s - 1 dt + (a-s) / of^^^'iif. 

Jp( S ) Jp(s) 

Notice that the limits of the first and third terms are zero. Indeed, by the properties of p(s): 



lim 

S— >(X — 



P(s) 

(a - s) I sF^vtyt^dt 



< lim (a - s)p s (s) sup |F S „(i)| = 0. 
S ^ Q - t>o 



To compute the limit of the third term, let e > and observe that there exist sq = so(e) close to 
a such that o(t) < e for t > p(so), hence using again the properties of p(s): 



lim 



(a-s) I o{t)t-° l+s - 1 dt 

P(s) 



< e lim p s ~ a (s) = e. 



Since e was arbitrary, we obtain that the limit above is in fact zero. As a result, using again the 
properties of p(s), 



lim C s (v) — lim 



1 



- 1 E(A s (Z*v)) 



= m a lim (a-s) / sA^A^t""^ 1 ^ 
s ^ a ~ ^ Jp(s) 

= m a lim sA„(Aj.) lim p s ~ a (s) = am a A v (A 1 ), 

since lim s _ >a _ A* = A 1 and A* is uniformly bounded by a A^-integrable function. The formula 
lITKll for C a {v) follows. □ 

3 Spectral gap properties of Fourier operators, eigenfunc- 
tions and eigenvalues. 

We follow closely the method of [21] [5] and we recall the corresponding functional space notations. 
On continuous functions on V we introduce the semi-norm 

\m-m\ 



[f]e,\ = SUp 



and the two norms 



\f\e = sup- 



;^|*-i/| s (l + M) A (i + |y|) A 



0,e,A = \f\e + [f]e,X- 



(i + M) 9 ' 

Notice that the conditions A + e < 8 (always assumed) and [f] e ,\ < oo imply < oo. Define 
Banach spaces 

Cg = {f: \f\e < oo}, B e , e , A = {/ : ||/|| e , £ , A < oo} 
and on them we consider the action of the transition operator P: 

Pf(x) = E(f(Mx + Q))= J f(hx)dp(h) 

where (Q,M) is a random variable distributed according to p. We consider also the Fourier 
operator P v defined by 



P v f(x) = P(X v f)(x) = E[X v (Mx + Q)f{Mx + Q)] 
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where v G V. Notice that Pq = P. We will prove later (Theorem 13. 4p that the operators P v are 
bounded on Mg, £i \ for appropriately chosen parameters 9, e, A. Also, for v small, they have a unique 
dominant eigenvalue k{v) with \k{v)\ < 1 if v ^ 0, fc(0) = 1 and the rest of the spectrum of P v is 
contained in a disk of center and radius less than |fe(u)|. For an operator A we denote by a (A) 
its spectrum and by r(A) its spectral radius. These properties are based on the estimations below 
and J27J[30]. The following simple but basic fact was observed in [15] . For reader's convenience, 
we give its proof. 

Proposition 3.1. We have 

P:f(x)=E(X v (S*)f(X*)). 
Proof. If n = 1, then the formula above coincide with definition of P v . By induction, we have 

P?f(x) = P(X v P:~ l f)(x) = E[X v (Mx + Q){PZ- l f){Mx + Q)] 
= E[X v (Mx + Q)X v (S^ 1 +Q )f(X^ 1 +Q )} 
= E[X v (S*)f(X%)]. 

□ 

The following gives the basic estimations which allow the use of |27] . Similar estimations were 
used in [Ml |35] for different purposes. 

Proposition 3.2. There exists D = D(6) < oo such that for any v G V, n G N, 6 < a we have 

\P:f\e<D\f\ e . (3.1) 

If 2A + s < a, s < 1, 8 < 2A, there exists constants C\,Ci > 0,pG [0,1) depending on Q,e, A such 
that for any n G N, / G Bfl, e ,A, « G ^, 



Proof. Notice that 
where II„ = M n M„_i 



[P,"/] e ,A<C lP "[/] s , A + C 2 |«| £ |/| e . 

X* = X»+n n (a:-y), 
• Mi. Writing X n = X°, by Proposition 1331 we have 



(3.2) 
(3.3) 



(i + \x%\y (i + \ x \r 

(l + \X n \ + \U n x\) e ' 



* l/leE (1 + 

<3 e \f\ s E(i + \x n \ e + |n„H 

<3 e |/l4l+E|X„| e + C( K (0) 



E ') n ) 



where < e' < 1 — k{6) and C is a constant. If we set D = 3 e (l + sup„E|J'(" J , 
first inequality (|3.1[i follows. 

Now we turn to the proof of ((3T2J). By Proposition 13. 11 we have 



C) < oo, the 



PZf(x) - P?f(v) = E[x v (sz)(f(xz) - f{xi)) 

Without loss of generality, assume that |x| > \y\. Let 



(X v (Sl)-X v {Sl))f{Xl) 



E 



X v (S%){f(XZ)-f(XV)) 



\x-y\°{l + \x\)*{l + \y\)* 

E\(x v (s*)-x v (sy))f(xy) 



\ X -y\z(l+\ X \)X(l + \y\)* 
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The first step is to estimate 3i(x,y). 

h(x,y) < E(|/(^) - f(Xy)\/(\x - y\%l + \x\) x (l + \y\) x ) 



( \x*-xy\c(i + \xz\)\i + \x y\)* 

{ | a .-j,|e(l + | 3 ;|)A(l + | 1 ,|)* 

|n„| e (i + \x n \ + \n nX \) x {i + \x n \ + \n n y\) x 



- [/kAE V (l + \x\ni + \y\) x 

< [/] e , A E(|n n | £ (i + |x n | + |n„|) 2A ) 

< 3 2A [/] e , A fE|n„| e + E|n, i | 2A+£ + (E|n„| 2A+e ) 2 ^ (e|x„| 2A+e ) 2A+e 

Proposition ^. 31 allows us to choose ei > and a constant A\ such that 

max{(t(e), k(2A + e)} + ei < 1, 

and for all n g N, 

E|n„| 2A+£ < A 1 ( K (2X + e) + e 1 ) n , E|n„| e < A 1 (n(e) + ei) n . 



Now setting 



and 



we have 



p = max + ei, k(2A + e) + e x , (k(2A + e) + ei) 2 *+ e | 



C*i = 3 2A ( 2A 1 + sup (E|X„ 



Jl(s,l/)<Cip n [/] e ,A. 

Now we are going to estimate J2(x, y). Observe that 

|e^> - 1| < 2|z|%| £ and S%- S» = Z n (x - y), 
where Z n =J2k=i • • • M\. Using these facts, we get 

- \z n \%i + \xy\)° - 



<2|u| £ |/| e E 



{l + \x\Y{l + \y\)\ 

l^nini+l^nl + ln^-lyl) 6 



(3.4) 



(l + N) A (l + |y|) A 
<2.3 e bH/| e E[|Z n | £ (l + |X„| e + |n, i | e )] 

To finish our proof, the left thing is to prove the finiteness of the expectation in the last expression. 
For s < a, by the the properties of k(s), there exists e s > and a constant A s > 1 such that 



Then if s < min{l, a}, 



K{s) + e s <l and E|n„| s < A s (k(s) + e s ) n . 



E\z n \ s <i + J2 E l n ™l s ^ A » £ M s ) + e -) m ' 

m—1 m— 



and if sG [1, a), 



E\Z n \ s < 1 + (E|n m | s )i < U s £ (k(s) + e s 



m—1 



m=0 
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Therefore for s < a, 



supE|Z„| s < oo. 



Also we have that sup„E|X„| 9 < oo for q < a. Now noticing that 9 + e < a and applying the 
Holder inequality, we obtain that 

supEp n | E (l + |X„| e + |II„| e )] <oo. 

n 

We set C 2 = 2 • 3 e sup„ E[|Z„| £ (1 + \X n \ + \Tl n \ e )] and thus 

h(x,y)<C 2 \v\ £ \f\ e . (3.5) 
Finally combining (|3.4j) and (|3.5[) we obtain that 



[iS7] e ,A < sup(J 1 (x,y) + J 2 (ar,y)) < C iP "[/] £ ,a + C 2 M e |/| e . 



□ 



Proposition 3.3. For any ti ^ 0, £/ie equation P v f — zf, \z\ = 1, f 6 Bg j£i A implies f — 0. in 
particular, r(P v ) < 1. 

If supp/1 consists of similarities, this is Lemma 3.14 in [5] ; in view of its role here we give the 
proof. 

Proof of Provosition \3.!A Assume that P v f = zf for some nonzero / € Bg ^A- Then the function 
/ is bounded. Indeed for every n 



hence 



\f(x)\ = \z n f(x)\<P n (\f\)(x), 



\f(x)\< lim P n (\f\)(x) = r)(\f\). 



Next observe that since / is continuous, on the support of rj the function |/| is equal to its maximum 
and without loss of generality we may assume that this maximum is 1. For every n and x G supp?7, 
noticing that z n f(x) = E[e^ 1,,S '^/(A^)] and using a convexity argument, we can show that 



Hence for every i,f/£ suppr?, 



/W i(»,Z,fy-l]) _ f( X n) 

where Z n = J^fe=i -W* ' ' ' By the Holder inequality, we have 



(3.6) 



lim sup E 



f{X V n) 



< [/] E , A limsupE[|X* - Xyf(l + |A*|) A (1 + |A£|) A ] 

= [/] E , A limsu P E[|M„ • - Mi (a: - 2/)| £ (l + |A*|) A (1 + |A£|) A ] 

n— >oo 

< [f] etX \x - yflimsup [E|M„ ■ ■■M 1 \ 2X+£ ] ■ limsup [E(l + |A*|) A +*(1 + |A^|) A +t]^ 

n— >oo n— >oo 

By our assumption, the first limit is zero and the second one is finite. Hence 



lim sup E 



i 
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Therefore for P a.e. trajectory w there exists a sequence = {nfe(w)} such that 

lim I™ = 1. 

n k ^co f{Xl k ) 

By Proposition 12.61 linin^oo Z n (w) — Z(lu) exists a.s.. Hence letting k — > oo we obtain that there 
is fio such that P(f2o) = 1 an d for u) G £lo, 

■f( X ) _ p i{v,Z(uj)(_x-y)) 

m 

We are going to prove that this leads to a contradiction whenever v ^ 0. We choose Xj, yj 6 suppr;, 
j = 1, • • • , <i with — j/j spanning V as a vector space. Such points exist because the support of 
rj, as a set invariant under the action of supp/i, is not contained in some proper affine subspace 
of V. Let rj v be the law of W(uj) = Z*(w)v. Then for every j the support of r\ v is contained in 
the union of affine hyperplanes Unezi^f + ns j v j}> where Hj is some hyperplane orthogonal to Vj 
and Sj is appropriately chosen constants. Taking intersection of all such sets defined for every j we 
conclude that supp^ is contained in some discrete set of points, hence supp?7„ is discrete. This 
contradicts Proposition 12.31 

For the last assertion we observe that in view of Theorem of Ionescu Tulcea and Marinescu 
[2"T| . if z belongs to the spectrum of P v and \z\ = 1 then z is an eigenvalue of P v . □ 

The following corresponds to Theorem 11.21 and is our basic tool for the study of P v . 

Theorem 3.4. Assume 9,e,X satisfy < e < 1, 2\ + e < a, 9 < 2A. Then P v has the following 
properties: 

1) P v is a bounded operator on Be,e,A with spectral radius r(P v ) < 1; 

2) IfvjLQ, r(P v ) < 1; 

3) If v = 0, P — Pq satisfies PI = 1 , Prj = rj. The operator Q on M$ jSl \ defined by Qf = 
Pf — n(f)l has spectral radius less than 1 and rj(Qf) — 0. In other words, P is the direct sum of 
the Identity on CI and of an operator on Ker rj with spectral radius strictly less than 1. 



Proof of Theorem \3.4\ Proposition 13.21 implies that P v is a power-bounded operator on Bg^x, 
hence assertion 1 follows. Since bounded subsets of (Be i£i ^,|| • ||e,e,A) are relatively compact in 
(Ce,| • \g), the inequality in part 2 of Proposition 13.21 shows that we can apply the theorem of 
Ionescu- Tulcea and Marinescu (see [37]) to P v . In particular, if for some v £ V, r(P v ) — 1, there 
exists / g V>e,e.\ an d z € C, \z\ = 1, / ^ such that P v f = zf . If v ^ 0, this contradicts 
Proposition ^. 31 hence assertion 2 follows. 

If v = 0, part 2 of Proposition l3~2l gives: [P n °f} £ ,\ < Pi[f]e,\ for some n G N, p\ G [0, 1[. 
We show that / — > \f\ s ,\ defines a norm equivalent to / — > \f\$ on the subspace Kerr; = {/ G 
Be, ej A;^(/) = 0}. Since r)(f) = 0, if / G Ker?7, the condition [f] e ,x = implies / = 0. Hence 
/ — > [f]e,X is a norm on Kerry, which satisfies [f) £ ,\ < ||/||e,e,A- Since e < 1 we have 

\f(x)-f(y)\<lfU x \x-yf(l + \x\*)(l + \y\*) 
<4[f] e , x (l + \x\ x + s )(l + \y\ x + s ). 

Since A + e < 6 < a, we have 1 + |x| A+e < 2(1 + |x| ) and f\y\ x+£ dn(y) = D < oo. Hence, using 
»?(/)= 0: 

\f(x)\<8(l + D)[f] s , x (l + \x\ e ), 
i-e. \f\e < 8(1 + D)[f] E ,\. The equivalence of norms follows . 
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We can write Mg i£ ,\ — CI Kerr;. Since PI = 1 and Pn = w, the subspaces CI and Kerr/ are 
closed P-invariant subspaces of Be,£,A- Since Ql = 0, Q can be identified with its restriction to 
Kerr;. Then the inequality [Q n ° f] £ ,x < Pi[f]s,\ and the equivalence of norms observed above imply 

r(Q no )<Pu r(Q) < p\ /no < 1. 

□ 

The study of Pt v for t small and v fixed is based on a theorem of Keller and Liveranif|30J). 
Proposition [3?2] and the following easy lemma. 



Lemma 3.5. If X + 2e < 9 < a, S < e, there exists C > such that for any 7 G [A + 2e, 9} and 

v, w G V: 

\(Pv-P w )f\-r<C\v-w\ s \\f\\ e , E , x . 

Proof. We observe that 

\(Pv-P*)f(x)\< J - e^ h ^\\f(hx)\dp{h) 

< 2\v ~ w\ 5 J \hx\ s \f(hx) - f(0)\d/j,(h) + 2\v - w\ s \f(0)\ J \hx\ s dn(h) 
<2\v-w\ s [f] e , x J\hx\ 5+s (l + \hx\) x dfi(h) + 2\v-w\ s \f\8 J\hx\ 5 d^(h). 
Therefore if we take C = sup K {2 j[\hx\ s+£ (l + \hx\) x + \hx\ s ]dfj,(h) / (1 + \x\) x+2e }, then 
\(Pv ~ P w )fU = sup \(P V - P w )f(x)/(1 + \x\r\ < C\v - H'll/lke.A. 

X 

□ 

In view of Theorem 13.41 and Lemma 13.51 we may use the perturbation theorem of [30] for the 
family P tv , hence as in [5T] [S] we have the following 

Proposition 3.6. Assume e < 1, A + 2e < 6 < 2A + e < a, v G V. Then there exists to > 0, 
5 > 0, p < 1 — 5 such that for every t€R with \t\ < to: 

a) The spectrum of Pt v acting on Me^^x is contained in & = {z G C; \z\ < p}[J{z G C; \z— 1| < 5}. 

b) The set o~(Pt v ) f]{z G C; \z — 1| < 6} consists of exactly one eigenvalue k(tv), the corresponding 
eigenspace is one dimensional and lim t _j.o k{tv) = 1. 

c) IfiTtv is the spectral projection on the above eigenspace of P tv , there exists an operator Qt v with 
r{Qtv) < P, ntvQtv = Qtv^tv = and for every n G N, / G Be, £ ,A, 

P?J = k n (tv)n tv (f)+Q? v (f). 

Furthermore k(tv), TT tv , Q tv depends continuously on t. 

d) For any z in the complement of&: 

\\(z-P t „r 1 f\\e,e,x<D\\f\\ e , e<x 
for some constant D independent oft. 



This statement allow us to complete the proof of Theorem 1 1.2 1 For t small define the function 
9tv = 7Tto(l)- Hence 

Ptv9tv = k(tv)g tv . 

Then for any function / in Be, e ,A we define £ tv (f) G C by n tv (f) = £tv{f)gtv 



17 



We will able to get the asymptotic expression of k(tv) for t small through the use of a new 
family of operators T t _ v on Bg !£i A defined by 



T t ,vf(x) = J X tb (x + v)f(g*(x + v))d»(h). 

Then T v = Tq jV , T v r\ v = rj v , where r\ v is the stationary measure for the Markov chain W n . It turns 
out that the analogues of Theorem 13.41 Proposition 13.61 are valid for the family T t l) . Therefore, 
for small values of i, the spectrum of T t iV in some neighborhood of 1 consists of only one point 
k*(t,v) which satisfies \k*(t,v)\ = r(T t<v ). We denote by T* >v the dual operator on M* g £ A of T t>v . 
One observes that for any v G V, the function X v belongs to Mg^ 7 \ and ||<*t,||0, e ,A < 1 + 2|u| £ . It 
follows that for any £ € W g e A , 

£{v) = £(X V ) 
plays the role of a Fourier transform for £ and 



\£(v)\ < (1 + 2H 



The following relation between P tv and T tjV plays an essential role in the calculation of the asymp- 
totic expansion for k(tv). 

Proposition 3.7. For any teR,ve V\{0}, £ € M* e>e<x , 

P tv (£ot) = {f*^£)ot. 

Proof. As in [21], the proof is based on the definitions of X x , T tyV and the fact that the map x — > tx 
commute with x — > gx for g € G. However, in view of its role here, we give it explicitly. Since 
x — > gx (g e G) and x — > tx commute: 



T t , v (X tx )(y) = I X tb (y + v)X tx (g*(y + v))dti(h) 

Xtbiy + v)X t{gx) (y + v)dfx(h) = J X t{gx+b) (y + v)dfj,(h); 
/'„ if o / ii.D = / / X tv (gx + b)X y (t(gx + b))d£(y)dfi(h) 

X y+V {t(gx + b))d£{y)dfi(h) = £(T ttV (X tx )) = f*^£(tx). 



□ 

As in 21 , this proposition allows us to construct an eigenfunction of Pf V from an eigenfunctional 
rjt,v of T tjt) , hence in Section 4 it will lead to the expansion of k{tv) at t — 0, using the following 
result (see [2T] Corollary 2]): 

Corollary 3.8. A ssume T)t,v € Bg e \ satisfies 

T t,vVt,v = k*(t,v)r) ttV , r) ttV (l) = 1- 

If £ < 1/2, there exists t% > such that if \t\ < t^, the function 

iptv =rjt^°t 

is the unique normalized eigenfunction of Pt v (with value 1 at 0) acting on Bg^.A and corresponding 
to the eigenvalue k(tv), i.e. 

Ptv{i>tv) = k(tv)i/) t v, iptv(0) = l- 

Moreover k(tv) — k*(t,v) and 

{k{tv) - l)r){i> tv ) = r)(ip tv (X tv - 1)). 
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Remark 3.9. In particular, using assertion c of Proposition [31)1 we see that lim^o \\iptv — l||e,e,A = 
0. Since 77 defines an element of Mg t£ ^\, we have lim^o r){ip t ,v) = 1- 

4 Asymptotic expansion of eigenvalues in terms of tails and 
the proof of Theorem 11.11 

Using the techniques of [301135] and the above results, we deduce from Proposition 13 . 6 1 the following 
result (see [SJ Proposition 3.18]): 

Proposition 4.1. Assume additionally that A + 3e < 9, 2A + 3e < a. Then the identity embedding 
ojfl>g^.\ into Be j£ .A+ £ is continuous and the decomposition P tv = k(tv)ir tv + Qtv coincide on both 
spaces. Moreover, there exists constants D > andt\ > such that for \t\ < t±, we have if\v\ < 1: 



(i) \\{P tv -P)f\\e, M <D\tnf\\e, e .x; 

(ii) \\(k(tv)ir tv - 7r )/|| e , s ,A +e < D\t\z\\f\\ g ^ tX ; 

(ill) ||(7r to - 7To)/|| e , e ,A +e < ^|t| £ ||/||^,A / 

H \\(Q tv - Q)f\\o, e ,x <£|i| £ ||/lk e ,A 

(v) \\g t v-l\\e,eA<D\t\t; 

(vi) \k(tv) - 1| < D\t\ e ; 



(vii) £t v is a bounded functional on Me.e,x with norm at most D\t\ e . 

The following is a consequence of Proposition 13.81 14.11 and the homogeneity at infinity of sta- 
tionary measures, given by Theorem 12.51 It is a detailed form of Theorem 11.31 

Theorem 4.2. a)IfO<a<l, then 



lim 

t->-o+ 



k(tv) - 1 
t°< 



C a (v) 



with 




b) If a — 1, then 





Jv \ 




and 8{t) = / j — — drj(x). Furthermore there exists a constant with iff = C\ + 4A/log2 + 



f . |a;|/(l + |x| 2 )o?A(a;) (A is given in Theorem \2.5\) such that 




c)Ifl<a<2 



lim 

t->-o + 



k(tv) — 1 — i {v, tm) 



C a (v) 



where 




d) Ifa = 2, 



lim 

t->o 



k(tv) — (v,tm) 



2C 2 (v) 



* 2 | log|* 
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where 

is a quadratic form, 
e) If a > 2, then 

with 



1 



C 2 (v) = ~ I {(v,wf +2{v,w)r) v {w*))da 2 {w) 



k(tv) -l-i{v,tm) , , 

hm — = C 2 +{v) 

t->o t 2 



C 2+ (v) = -\q{v,v) - q(v, (I - z^z'v). 



The proof is based on estimations of P tv , iptv, t\, which are valid here, as in [SJ Theorem 5.1]; 
these estimations are formal consequences of the statements in Theorem 12.51 Corollarv l3.8l which 
in turn correspond to relations (2.2), (2.3) and Lemma 3.23 of [5]. 

To prove our theorem !4.2[ we need further properties of the stationary measure rj. In particular, 
essential use is made of the homogeneity at infinity of n stated in Theorem 1 2. 5 1 We will deal with 
expressions of the form J v f(t, x)drj(x) for t £ K and we are interested in their behavior for small 
values of \t\. We denote by I\ the interval [—1,1]. Now we give some technical lemmas which will 
be used often later. For the proof of these lemmas, see [5j section 4]. 

Lemma 4.3. Let f be any continuous function on I\ x V satisfying 

\fU M<- J D w\t\ S+ V, for M>1; 

" 1 D s Jt\^W, for N <1, (4 ' 1} 

where /3 < a, 7 + S > a and S > 0. Then 



}^wlv f{t,X)d7l[x)={) - 



Now we present some properties of the eigenfunction tp t v To do this, we will need some further 
hypotheses on the parameters 9, e, X and from now on, we will assume additionally that 

if 1 < a < 2, then 1 + A + e > a, 
if a = 2, then A + 2e>l, 
if a > 2, then A = 1. 

It is easy to prove that there exists 9, e, A satisfying all the assumptions in our theorems and the 
conditions above. 

Lemma 4.4. There exists D" such that 

\tptv{x) - rfv(tx)\ < D"\t\ 2e \x\ e , for \tx\ > 1; 
Otvix) - ffv(tx)\ < D"\t\ £ \tx\ T , for \tx\ < 1, 

for t = min{l, A + e}. 
Corollary 4.5. If a < 2, then 

lim — — / (X v (tx) - 1) (ip t v(x) - rjv(tx)) di](x) = 0. 
\t\ a Jv 

We will need also the speed of convergence of n(ipt v ) to 1. 

Lemma 4.6. Assume v is fixed. Then there exists D'" > and £3 > such that for \t\ < £3, we 
have 

\i~v(4'tv)\<D"'\tr a ^ x +^. 
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As an example of how to use the above estimations and the basic Theorem [531 let us consider 
in more detail the cases a < 1 and a = 1. For the cases a €]1, 2], a > 2 we refer to [51 section 5]. 

Proof of Theorem \4-S\ Case a < 1. We use the expression of - 0tD, fe(to) given by Corollary 13 . 81 and 
write for t > 0, 

-^(fc(to) - l)r?(^) = i / (X v {tx) - l)^(x)d?7(x) 



= — J {X v (tx) - l)ff v (tx)d-q{x) + — J (X v (tx) - l)(ip tv (x) - i} v {tx))drj(x). 

We observe that the function f v = (X v — satisfies the regularity and growth conditions of 
Theorem 1 2 . 51 since f v (x) is bounded and |/u(x)| < 2\x\ for |x| < 1. Hence the first term converges 
to 

J (X v {x) - l)fh{x)dK{x). 

The use of Corollary 14.51 shows that the second term has limit zero, hence the result follows from 
Remark 13.91 

Case a = 1. Using Corollary 13. 81 we see that 

t-^kitv) - l-i(v,5(t))] 
= MM]- 1 [(ji&Mv - 1)) - i (v, *(*)>) + i(l - v(Av)) (v, S(t)} 
= [viAvT 1 [Kn(t) + K 12 (t) + K 13 (t)] , 



where 



#ii (*) = * _1 J v (vv(tx)(X tv (x) - 1) - i \+\f, 2 )M* 
K 12 {t) = r 1 [ (i(j tv (x) - rj v {tx)){X tv {x) - l)dv(x), 
K li {t) = it- 1 (l- n {^tv)) (v,5(t)}. 



By Corollary 14.51 



lim K 12 (t) = 0. (4.2) 

t — >o+ 

Next observe that the function fi(x) = rf v (x) (X v (x) — 1) — i j^ppja satisfies the growth condition 
(|2.1[) in Theorem 12.51 Indeed f\ is bounded and for \x\ < 1, 

|/i(aO| = \(r}v(x)-l)(Xv(x)-l)\ + \X v (x)-l-i z {vr 



l + \x\ 2 

< 2\v\-\x\-\\X x -l\\g t£tX + 4:(\v\-\x\) 2 

< 8\v\-\x\ 1+x+ " +4(\v\-\x\) 2 , 

where in the last step, we use the estimation 

\\X X - l\\g, e . X <A\xr^ X+e \ 
which can be shown by direct calculation. Thus by Theorem 12.51 we have that 



lim K n (t) = A(/0 =C x {v). (4.3) 



Now the left thing is to evaluate the term Ki 3 (t). 
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We first need to show the following properties of S(t): 

[ # t |*log|t||, \t\ < i, 

with K\ = c\ + 4A/log2 + JL^iMAl + |x| 2 )dA(x), c\ a constant and A given by Theorem 12.51 
For \t\ > 1/2, (OJ is obvious. 
For \t\ < 1/2, we write 

\S(t)\ < f \tx\/{l + \tx\ 2 )d V {x) 
Jv 



tx 



'H<il + N 2 Ji<\x\<.fal + \te\ J\x\>*fa 1 

The first integral is bounded by \t\. By Theorem 12.51 the third one, divided by \t\, converges to 
i|a:|>i dA(x) as \t\ tends to 0. Applying Theorem 12.51 we see that 

I iog 2 1*|| 



;d V (x)<\t\ 2 fc+1 ry(NI > 2 fe ) 



l^i-K l 1 + fcC ' 

I l°g 2 

<A|t| J 2 fe+1 2- fe < — — A|t||Iog|i| 



|log 2 |t|| 



log 2 

fc=0 6 

(Here by convention, when | log 2 |i|| is not an integer, the summands are for all k no larger than 
| log 2 ). Then (|4.4I) follows. Combining f|4.4[) with Lemma l4~6l we obtain 

lim K 13 (t) = 0. (4.5) 
t->o + 

By relations (Oil . (Oil and (Oil , we have 



□ 



Hm Mt«)-i-i<t,,^)) = 



Proof of Theorem ] 1. 11 In view of the continuity theorem, it is enough to justify that the char- 
acteristic functions of the normalized sums S% converge pointwise to a function which is con- 
tinuous at zero and to show full non degeneracy of the corresponding law. The convergence 
follows easily from the asymptotic expansion of k(tv) at t = given by Theorem 14.21 Also if 
a € [0,2], using formula (|1.5[) for C a (v), the non degeneracy proof is based on ReC a (v) < 
for v 7^ and is the same as in [S], since suppA is not contained in a hyperplane and A„ 7^ 
is a-homogeneous. If a > 2, the argument is the same as in [5] and is based on the order 2 
differentiability of k(t), since for i ^ r(P tv ) < 1, which follows from Theorem 13.41 The in- 
vertibility of / — z* follows from the fact that r(z*) = r(z) < 1, which is itself a consequence of 
r(z) = liim^CEflMl")) 1 /" < lim„^ co (E(|i\f„ ■ ■■M 1 \)) 1 / n = k(1) < 1. 

□ 



5 On the limit laws of the normalized Birkhoff sums 

Here we use the results of [35] in order to give more precise formulas for C a (v) as defined by p. 51) . 
We recall that the p a (/l)-stationary probability measure a a on S'' -1 was defined by A = ca a (g> £ a 
with c > 0. In order to write similar formulas for A„ (v £ V\{0}) we need to distinguish two cases 
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I and II. In case I, [supp/l] and [supp/l]* have no invariant convex cone and, using [22] we can write 
A„ = c*{v)a* a ® i a where c*(v) > if v ^ and cr* is the unique pQ,(7I*)-stationary probability 
measure on § d_1 . In case II, there are two extremal p a (JI* )-stationary measures on § d_1 , a' a and 
cr„, which are symmetric of each other ( hence cr^ = a' a ) and which are supported by the two 
[supp/l]* -minimal subsets of S 6 * -1 . Then, using [22] . we get that there exists two nonnegative 
functions c' (v) , c"(v) such that 

A„ = c'(v)(a' a ® £ a ) + c»K ® £ a ) 

and c'(v) + c"(v) > for v ^ 0. 

Proposition 5.1. With the above notations we have, if a G [1,2], a =/= 1; 

In case I, A t ,(A 1 ) = r a c*(v), where r a = (a* a (g> ^ Q )(A 1 ) < 7 c*{v) >0i/»/0, c*(v) is 
a-homogeneous, and c*(—v) = c*(v). In particular the stable limit law for is symmetric. 

In case II, A t ,(A 1 ) = d \v)^ a +d '(-u)t a , where ^ a = (o J a ®£ a )(k l ), Re-f a < 0, c'(v)+c'(-v) > 
ifv^O, and d (v) is a-homogeneous. 

Proof. In view of the above observations, it remains to study c*(v), cr*, d(v), c"{v). This follow 
from Proposition 12.61 in particular from the relations 

A tv = t a A v for t > and A_ v = A„. 

In case I, using A„ = c*(v)(cr* ®£ a ) and the symmetry of A„, A_ v , we get that cr* is symmetric 
and c*(v) = c*(—v). The symmetry of cr* gives that r a = (cr* g) i' a )(A 1 ) is real and the condition 
ReC a (v) < gives r a < 0. 

In case II, the symmetry of A„, A_.„ gives: 

C'(-V)K ® l a ) + c"(-*0Oa ® O = C'(^)(^ ® f*) + e'»(c^ ® n 

Since cr^, and cr^ = a' a are supported by disjoint sets, we have d(—v) = c"(v). Also since j a — 
{a' a ® r )(A 1 ), we have «' ® f*)(A x ) = (a' a ® £«)(A 1 ) = 7 Q . 

The homogeneity of c*(u), c'(w) follows from the relation A tv = t a A v if t > 0. □ 



In order to illustrate Theorem ll.il we consider, as in [T7], the following example where d = 2, 

with g Qtt, 




; t- i n *i / cos — sin \ T , 

p = pd h + p o h ' , and < p < 1, h = pi , h = 

\ smO cost) I 

p > 0, < A' < 1 < A, b 7^ 0. Then Srx, = oo, logre(s) is convex on [0, oof and if p is sufficiently 
small, L(p) — k'(0) < 0. Since h! is proximal and h is an irrational similarity, condition i-p is 
satisfied by [supp/2]. Since 9 £ Qtt, the limit set of [supp/2] is equal to P 1 and we are in case I of 
Proposition 15. II If a 6 [0, 2] with a ^ 1, we get that the limit law of the normalized Birkhoff sum 
is symmetric and has Fourier transform e am a cr Q c (") ; where c > 0, r a < and c*(v) = \v\ a c*(v) is 
positive for v ^ 0. 

If a = 1, the corresponding limit law is of Cauchy type, with Fourier transform e cm i r i\ v \ c («) ) 
where cmiri < 0, c*(v) > 0. 
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